
MMP Learning Seminar

Week 91 .

Content :

• Bounding length of blow - ups &

• Bounding multiplicities of lo places .



Log canonical thresholds of bounded degree .

Theorem 1.8 : Let d. r be natural numbers and Eso
.

There exists ti-tcd.net satisfies the following . Assume :
:

• (KiB) is projective E- Ic of Jim J ,

• A
very ample on ✗ with Aᵗ≤ t > ← ✗ is bounded

• A - B is pseudo - effective , and 5- control
sing 1×113 ) .

• µ ≥o IR - Cartier IR - diviner
.

A - M is pseff . Then

let IX. B. 114hr ) ≥ lot IX. B. IAIN ≥ t .

Remark : In the
previous

statement
supp
B & app M

are not controlled
.



Noether normalization : ✗ It
"

where n=JrmX
.

finite surjective
Alexander . ( most of the time not Galois ) .

'Man - manifold then there exists a branched cover M→ Sh

which branches along 2 Smooth submanifold of dim ≤ n - 2 .

in frm -2 , we branch along points .

in Jim =3
, we branch along ②orromesn circles .



Proposition 5.2 ( Finite morphisms to IP'd ) :
Let IX. A. = Iii!.si ) be a log smooth projective pair - of Jim J

.

where LL is reduced
. 13=27 bibi 30 . bean IR - divisor . Assume :

• 2C C- f) %,
Si

,

•

Supp B does not contain strata of CX.LI ) except possibly x ,

• A. & A - Si are very ample .

There exists Tc : ✗→ Had finite surjective ,
Rex > = 2- = [i :O . . . :O]

,

t (Si ) = Hi
,

Tc is étale around z
, supp(B) AR

- '(E) Ex.
,

degr - At and deg CCI ≤ Legato where C- Ribs RCB;) .

Hi

Proof : do
, . . . . dd global sections of ①✗ (A)

✗
"

→ Had finite surjective
☐



Fix Jsr
, E.

proposition 5.5 ( Bound on number of blow - ups ) : Assume

• (✗ <B) projective E- to d-Jim
,

• A very ample At ≤ r , d
• (XA) log smooth LL reduced

, 1120
.

④ = I' H ;

is
•

Legato ≤ r and dyads ≤ r ,

•

x is zero
- Jim strata of (X.LI) LT :O . . . = 0]

.

•

supp B does not contain strata 1×11 ) except possibly a
• Tis a log canonical place of CX.LI ) with center × .

•

or CT :X , B) ≤ 1 .

Then , T can be extracted by toroidal blow - ups art CX.LI )

↳
at mootp-pcd.net .

replace
( Ipt

,
C
,
⊕ )Sketch : (X , B , LL ) runs

T T
T R

We do not know if 11PM , c) is E- to
away from 2- = Elio . . . :o) .

Aim : Modify C so that it is E
"
- to for some

E
'

only depending on dine
.



Proof : Step 3 : ( IP! + tc ) is to
away from 2-
-

for some 1- c- lock ) only depending /ti=t- /

( , ④ ttc ) will be tilt away from app (⊕ ) .

YE Supp ⊕ , y ≠ -2 .

G- minimal linear sobs which a strata

of ⑨ and contains J . G is positive - dimensional .

deg µ ,
C / a- ≤ r , H

'

is a hyperplane in G.

G- is not in the support of C.

Inductively CG.to/a-I is * It for some lt.it#r.-
Inversion of adjunction implies Ckd i ⑦ + 1- c) is to in a ngbhdofy.



Step 4 : We construct § such that CETI ) is d- K ,

E
' _-ᵗzE , Hips + -pro and oeCR.tl?TL ) ≤ 1

.

Consider D= (1-42) ④ + ᵗzC . The pair LP? D) is el- le .

If the center contains £
,
then ( Italic ) is E- Ic around it .

}
]

If the center does not contain £
,

this is not a Icc of ( It'd / ② )
.

- ( Kips + D) = - ( I -E) (Haast ⊕ ) - ¥ ( Kips + C)

T T
deg - I dy ≥ dti - r

Taking t small enough , we can make sure
- (Knott D) ample .

By construction occr.lt! D) ≤ I

Take 056-2112 - (18*00+0) very general &
set = Dt G.



run> 52
.Review :

ER
T D

↓ ↓ §
(X , A.B) mm ( IP'd , ⊕ ,

C)

( & c) does not have nice sing away from 2- _

( , ④ + te) still to
away from

2- .

Construct such that (AMA) is hg CY ,

E
'
- to & OCCR . It'd, d) ≤ 1 .

Remark
: The coefficients of are not controlled

.



Step 5 : W'→∅ It'd extracts R

Hw ' 1- w '
is the pull - bacon of Hpd + ↳

.

↳ d- Ic

- Kw ' is big . Run MMP on - Hw :

W
'

-→ W
"

- Kwei is big & semrample

W "
→ Wm - Kwai is ample .

(Wibw . ) - - → ( W " , µ. )
- is d- to

We conclude that W " is Fano ,
tonic & El - le.

Then W ' "

belongs to a bounded family .

It admits a KH n - complement .

We can push - forward this complement to ID?

(12%52) log CY
,
nCKpI +D) no ,

and occr.lt?R )≤ s
.

tilt



Step 6 : LIP'd , supper + ④ 1) is log boosted .

Chad , Stu ⊕ ) is to for some u only

depending on done
.

We conclude µR∅* ④ ≤ te .

The length of blow -

ups is at most Lte - it .

☐ .



Proposition 5.7 ( Bound of multiplicities at Icp ) :
Assume Thm 1.8 in trm ≤ d- 1 .

There exists .

- = ( Johnie ) satisfying the following .

Assume :

=

• (✗ <B) projective E- to d-Jim
,

• A very ample At ≤ r , 1IfLLiJ /
• LL > o & nth integral .= f-
• ↳ 0 Is an TR - divisor , supp B does not
. µ , gnaw, µ , , , a., , , a. , am p.wg.gg ,,, } a.µ. .gg, ,
• (✗ its ) is to hear x , (KD ) other than x

V
,

• T is a log canonical place of CX.LI ) with center ✗ .

•
or CT :X , B) ≤ 1 .

For
any

resolution ki Ñ→ ✗ so that T is a divisor on -0
,

we have that µtk*L ≤
.

proof : Cutting with hyperplanes , we may assume x is closed .

We will show the statement when CX.LI ) is log smooth

& It is reduced
.

{ Aim : modify B et its support does not contain

}
strata of IX. 11 ) that is not x .

IX. LL ) is log bounded ( X
'

.LY ) → IX.D)



Step 1 : We
may assume 2C is the only 0 - strata of CX.tt )

Step 2: We show that ( X
,
11+1-113 ) is § - k

away from finitely many points . ti-tcd.n.r.es
.

He IAI general element .

By Thm 1.8 m dim d- 1 we know that

CH
,
But at BH ) is tilt

By invention of adjunction (X
,
B + at B) is tilt near H .

H
,

( ×
, Bt at B) is It outside

finitely many points

We conclude
, taking average

that (X ,
cut /B) is { - la



Step 3 : 4:11 → ✗ log resolution
.

Ul

tog discrepancies
T

wit CX , B)

Iv = ( 1+1-113 t ( I - E) I'Eit 11 - a) T I
Hv + Fu = µ

*

(Kx + B) ttB+F where F- = I'Cai - E) Ei .

Kx + Iv = µ
*

(Kx tuttiB) +G. where G- I'Cai - f)Eit Cai- • IT

log discrepancies
Wrt (X,

(1+1-113)
.

Step 4 : Ron a CHv&Ix ) - MMP over X
.

Contract 211 divisors in the support of G with coeff > a

Hut Iv = 1- B- + F /× , so T is not contracted by
this HMP .

17 : Y→ ✗ that extracts T and is an ioom

away from finitely points .



Step 5 : We construct ◦ ≤ ☐ + on Y.

A -1=12*1-1 ,

Nyt Txt 3J Ay semi ample & big .

OE Dy - K f- ( Htt Ptt 3J Ay ) with coeff ≤ 1- e.

D-
[ =r*H + By + f- FT . for some

H- M ¥ ( Hx + B +38A ) .

Denote by D the pooh - forward of Die to ×
.

By construction D= 1-11-13 .

Step 6 : (X , B) is e- Ic > Hey general divisor

(Y
.
☒ +Ry)sub_

(Y
, Rit Dy - ¥ F-c) is sub - e - lo

"

to IX. D)

(KD ) is e- Ic
. { We can replace

Bnn> D.
ACT

, X , D) ≤ 1
.

3mA - ☐ is ample
{ & ☐ does not contain strata of

IX. A) toff than x .

I

☐
i



Htt Ix +3J Ay semi ample & big .

in
↓ Cartier

.

↓ Ay
. Cao A-c. C > I

hit 3JAY.C%3d.in

{then the extremal negative rays are spanned by]
curves for which (15×+27) . C > - 2JimY

.

in[
Boundedness of extremal lengths .


